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Recent work on the subject of isolated quantum thermalization has suggested that an individual
energy eigenstate of a non-integrable quantum system may encode a significant amount of informa-
tion about that system’s Hamiltonian. We provide a theoretical argument, along with supporting
numerics, that this information includes the critical behaviour of a system with a second-order,
finite-temperature phase transition.
I. INTRODUCTION
The eigenstate thermalization hypothesis (ETH) [1–5]
has recently been the subject of a large body of exper-
imental and theoretical work [6–21]. ETH can explain
how an isolated, quantum many-body system in an ini-
tial pure state can come to thermal equilibrium (as de-
termined by measurements of a specified set of observ-
ables) in finite time, and is thus fundamental to under-
standing the validity of conventional quantum statistical
mechanics as an accurate description of the long-time be-
havior of quantum systems; for a review, see [22]. ETH
is expected to hold in systems without disorder that are
sufficiently far from integrability (including effective inte-
grability caused by many-body localization in disordered
systems), for observables that are sufficiently simple func-
tions of the fundamental degrees of freedom.
While the key statements of ETH have been cast in
several forms by various authors, in this work we will be
interested in what we will refer to as the strong version
of ETH [20], which concerns the entanglement behaviour
of individual energy eigenstates in a non-integrable quan-
tum system. This strong version of ETH is the statement
that within one individual energy eigenstate of a non-
integrable quantum system, the reduced density matrix
(RDM) of a sufficiently small subsystem will resemble
that of a thermal one. More precisely, the RDM on a
subsystem A, constructed from an eigenstate |ψ〉 of the
full quantum system, will be approximately given by
ρψA ∼
e−HˆA/Tψ
Z(HˆA, Tψ)
; Z(HˆA, Tψ) ≡ Tr
[
e−HˆA/Tψ
]
(1)
where Tψ is the “temperature” of the thermal eigenstate
|ψ〉, and HˆA is the Hamiltonian of the subsystem A. The
heuristic interpretation of this statement is that even in
a pure energy eigenstate, the full system acts as a ther-
mal reservoir for its small subsystems, thermalizing them
through the quantum entanglement between the subsys-
tem and the larger thermal reservoir.
Previous authors have made precise the exact defini-
tions of Tψ and HˆA which are necessary for the above
statement to hold, and have also elucidated the condi-
tions under which it should be expected to hold, and how
well [20, 23]. Here we will not be focused with these de-
tails, as they have been thoroughly addressed previously.
We will, however, be concerned with an interesting corol-
lary to equation 1, mentioned already in [20]. Given a
thermal density matrix for a system at one temperature,
it is always possible to compute the density matrix at an-
other temperature, by simply raising the density matrix
to a power and re-normalizing it, since
(
e−Hˆ/T1
Z(Hˆ, T1)
)T1/T2
=
e−Hˆ/T2[
Z(Hˆ, T1)
]T1/T2 . (2)
Thus, in principle, the RDM of a small subsystem, ex-
tracted from a thermal eigenstate of a much larger non-
integrable quantum system, should posses information
about the thermal behaviour of this subsystem across a
range of temperature scales, to the extent that equation 1
is a valid approximation. This claim has in fact been in-
vestigated thoroughly by previous authors, and has been
verified to be true under appropriate circumstances, out-
lined in [20].
Here we will focus on what this information reveals
about the behaviour of a quantum, non-integrable sys-
tem with a second-order phase transition at finite tem-
perature. Previous work [24–26] has suggested that ETH
should also be expected to hold in such systems, and in
fact signatures of ETH and quantum chaos have indeed
been found to exist even in the broken symmetry phase of
such a system. In the present paper, we will argue that if
such a system with a finite-temperature phase transition
satisfies the strong version of ETH, then individual en-
ergy eigenstates of this system can diagnose the existence
of this phase transition, and will also contain quantita-
tive information about its critical behaviour, without any
knowledge of the original Hamiltonian itself. Below, we
outline a procedure by which one could arrive at this
information from such an energy eigenstate.
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2II. THE EXTRACTION PROCEDURE
Consider a non-integrable quantum system, with some
Hamiltonian Hˆ, which may or may not be known to us.
We suspect that this system may posses a second-order
phase transition at finite temperature, with correspond-
ing order parameter Q, and we wish to diagnose this fact
from the information contained in one individual eigen-
state of this Hamiltonian. We will assume that a reason-
able notion of “subsystem” can be defined in our system.
We will also assume that the system, while finite, is suf-
ficiently “large,” such that subsystems can be defined
which are themselves “large,” yet still much smaller than
the full system. For example, in a spin system consisting
of N spins, we imagine that N is large enough such that
we can define subsystems of n spins, with 1 << n << N .
We now consider a single energy eigenstate |ψ〉 of this
quantum system. Under the assumption that this eigen-
state is thermal, with some characteristic temperature
Tψ, the RDMs constructed on a sufficiently small sub-
system should be appropriately thermal, in the sense de-
scribed by equation 1. Based upon the arguments out-
lined in [20], we should be able to probe the thermal
density matrix of such a subsystem across a wide range
of temperatures,
ρ˜A (T ) ≡ (ρA)1/T ∼
(
e−HˆA/Tψ
)1/T
= e−H˜A/T , (3)
where we have defined
H˜A ≡ HˆA/Tψ (4)
to be the “scaled,” dimensionless subsystem Hamilto-
nian, and ρ˜A (T ) its canonical density matrix at temper-
ature T . Without knowledge of the original Hamiltonian,
it is not possible to determine this Tψ, and thus the ab-
solute temperature scale of our predictions, but this in-
formation will not be necessary for our purposes; we will
simply assume that such a Tψ exists, and thus make ther-
mal predictions regarding the scaled Hamiltonian. Such
an overall scale factor will not affect any predictions re-
garding the critical exponents of such a Hamiltonian.
With such a thermal density matrix at an arbitrary
temperature, the thermal expectation value of any ob-
servable OA which lives on this subsystem can be com-
puted at this temperature,
〈OA〉 = Tr [ρ˜AOA] . (5)
In particular, the observable in question could be the or-
der parameter of the system, its associated susceptibility,
or any relevant correlation functions. Since this proce-
dure could be repeated for various subsystems of different
sizes, it should be possible to perform a finite-size scaling
analysis of these quantities as a function of temperature,
thus allowing for the quantitative extraction of various
critical exponents [27].
Any such finite-size scaling analysis will of course be
limited by the size of the system N , but if we anticipate
that equation 1 holds for arbitrarily large system sizes,
then one can always extract these critical exponents to
the desired accuracy by considering sufficiently large N .
Thus, as we approach the thermodynamic limit, the in-
formation about the critical point extracted from a single
eigenstate can be made arbitrarily accurate, and it is in
this limit in which a single eigenstate will encode the full
information regarding the critical point of the original
Hamiltonian.
To see how this procedure could work in somewhat
more detail, we provide a specific example involving a
system of N Ising spins defined on a lattice, and examine
the order parameter which is the total magnetization in
the z-direction,
Q = Mˆz ≡
∑
i
σˆzi . (6)
This order parameter would be the relevant one for sys-
tems possessing an Ising transition. As a result of the
Ising symmetry, any finite system will always posses
〈Mˆz〉 = 0, (7)
and so a more useful metric for studying the critical be-
haviour of this model is given by the Binder cumulant of
the order parameter,
U ≡ 1− 〈Mˆ
4
z 〉
3〈Mˆ2z 〉2
, (8)
At low temperatures, in a system with an Ising transi-
tion, the Binder cumulant approaches a value of 2/3, up
to corrections which scale as 1/N , while at high tem-
peratures it approaches a value of zero, again up to cor-
rections which scale as 1/N . In the large system size
limit, the transition between these two Binder cumulant
values is sharp, transitioning between the two limiting
cases at the critical temperature of the model, Tc. When
the Binder cumulant is plotted as a function of temper-
ature for different finite system sizes, the crossing point
of these curves provides a good estimate for the critical
temperature, Tc [28].
If we now imagine starting from one energy eigenstate
of this system, computing the RDM for many different
subsystems {A}, all satisfying 1 << nA << N , and then
using these RDMs to study the behaviour of the Binder
cumulant as a function of temperature for all of these
different subsystem sizes, we can diagnose the existence
of such an Ising transition by demonstrating the existence
of a crossing point at some non-zero Tc.
Furthermore, if we wish to extract quantitative infor-
mation about the critical behaviour of this transition, we
could, for example, extend this procedure to the mag-
netic susceptibility, which, for a finite system of size nA,
reaches a maximum at a pseudo-critical point, Tc (nA).
Combining this fact with our RDM procedure to extract
Tc (nA) for many different subsytem sizes, and then using
the scaling relation [27]
T−1c (nA) = T
−1
c (∞)− an−1/νA , (9)
3where a is some constant and T−1c (∞) is the (inverse)
critical temperature in the thermodynamic limit, it be-
comes possible to extract the critical exponent ν describ-
ing the divergence of the spin-spin correlation length.
Since this analysis was performed using RDMs that were
extracted from one individual energy eigenstate, this crit-
ical exponent must have been encoded in this state. A
similar analysis could be performed for any other critical
exponent of interest.
We mention here two important subtleties of this pro-
cedure, and argue why they should not substantially alter
any of the conclusions reached above. First, there is some
subtlety that is associated with the proper definition of
HˆA, in particular, how the matter of boundary terms be-
tween the subsystem and its complement should be ad-
dressed. Here, when we must make such a distinction, we
will adopt the simple (yet possibly less appropriate, see
[20]) convention that HˆA consists of all terms in the orig-
inal Hamiltonian Hˆ with support on subsystem A, and
disregard any terms which involve operators with support
on the complementary region, or the boundary between
the two. While the precise definition of HˆA will have
consequences for the satisfaction of equation 1 in a finite
system, the distinction is expected to become irrelevant
in the thermodynamic limit. Furthermore, if our inter-
est is in merely extracting information about the critical
point, our only concern is that the HˆA we recover pos-
sesses a finite-temperature phase transition which is in
the same universality class as the original Hamiltonian,
which is a much weaker requirement.
Second, we emphasize that in our finite-size scaling
analysis, all observable quantities, as a function of tem-
perature, should be analytic. One may object to the pro-
cedure described above, in that we are taking a thermal
density matrix which may correspond to a temperature
on one side of the critical point of our model, and us-
ing it to extrapolate the behaviour of the subsystem to
temperatures which are on the other side of the critical
point. However, since there is no actual phase transition
in a strictly finite system, there is no concern that we are
attempting to extrapolate an observable quantity across
a singularity.
III. NUMERICAL INVESTIGATION
Our theoretical argument outlined above rests on the
assumption that the strong form of ETH will be satis-
fied in quantum systems with a finite-temperature phase
transition, and that it is indeed possible to use one en-
ergy eigenstate of such a system to extrapolate observ-
able quantities for a subsystem across a wide range of
temperatures. We now provide numerical evidence in
support of this claim. Our model Hamiltonian will be
the transverse-field Ising chain
Hˆ = −
∑
i 6=j
Jij σˆ
z
i σˆ
z
j − g
∑
i
σˆxi , (10)
where σˆzi and σˆ
x
i are the standard Pauli matrices on site
i of a one-dimensional lattice. The Ising interaction Jij
is chosen to obey a power-law decay,
Jij =
J
|i− j|p . (11)
We set J = 1, which fixes the energy scale, and corre-
sponds to a ferromagnetic Ising coupling. For the trans-
verse term, we choose g = 1.5. Our boundary conditions
are chosen to be open, so we do not make use of trans-
lation symmetry in diagonalizing the Hamiltonian. We
do, however, make explicit use of spatial parity symme-
try and Ising symmetry. In our work, we choose N = 23,
as this is the largest system size for which we are able
to find a significant number of exact energy eigenstates.
We note that while an individual energy eigenstate of the
23-site system lives within a single sector of the Ising and
spatial parity symmetries, the RDMs which we will ex-
tract from these eigenstates live on the full Hilbert space
of the subsystem they describe. It is a straight-forward
exercise to verify that such an RDM will obey the same
symmetries as the subsystem Hamiltonian, so long as the
original state it is extracted from is an eigenstate of the
corresponding symmetries of the 23-site Hamiltonian.
Previous work [26] has studied the compatibility be-
tween spontaneous symmetry breaking and ETH in this
model, for the case that p = 1.5, in which there is a
second-order phase transition at finite temperature. Here
we shall study this case, as well as the case p = 3.0,
for which there is no finite-temperature phase transition.
Both models possess an energy which scales extensively
with system size, and thus a well-defined thermodynamic
limit [29]. For the small system sizes we are able to study
numerically, we find that ETH is best satisfied in the
Ising chain, as opposed to the model defined on a square
lattice, hence the reason for our particular choice of ge-
ometry; see [26] for details. We will not be interested in
any quantum phase transitions which may occur at zero
temperature as a result of adjusting any parameters in
the Hamiltonian.
Figures 1 and 2 show the result of using this proce-
dure to extrapolate the Binder cumulant as a function
of temperature, for the p = 1.5 and p = 3.0 models,
respectively. We perform this procedure for various dif-
ferent subsystem sizes, always with the RDM extracted
from the center of the full system, and always from the
same energy eigenstate. We also display a comparison
against the results obtained from using the exact subsys-
tem Hamiltonian to compute the thermal density matrix
of the subsystem directly. While the results of this pro-
cedure vary slightly from state to state [30], we find that
most states produce qualitatively similar results, and so
we choose to focus here on the 3, 950th excited state of the
even Ising, even parity symmetry sector for the p = 1.5
model, and the 3, 986th excited state of the even Ising,
even parity symmetry sector for the p = 3.0 model.
In order to aide in the visual comparison of these re-
sults, we have rescaled the predictions from the RDM
4method by the temperature Tψ of these eigenstates, so
that they appear on the same horizontal scale as the pre-
dictions of the exact Hamiltonian; however, we again em-
phasize that the knowledge of this Tψ is not necessary for
the hypothetical extraction procedure we have outlined
in the previous section. For the small system sizes consid-
ered here, we find that Tψ depends slightly on the choice
of subsystem [30].
We note that in both models, given an eigenstate with
Tψ > 0, all of the extrapolated curves approach their cor-
rect T = 0 values (close to 2/3 for the p = 1.5 model,
and significantly less than 2/3 for the p = 3.0 model). In
the case of the p = 1.5 model, there is a crossing at some
intermediate temperature, indicating the presence of
a phase transition, while no such crossing exists for the
p = 3.0 model. In both cases, the scaling of the Binder
cumulant with system size is correct. At sufficiently high
temperature, this corresponds to a decreasing Binder cu-
mulant with increasing system size for both models, while
at low temperature, this scaling behaviour is reversed be-
low the crossing point for the p = 1.5 model only. While
the quantitative agreement here is not perfect (for ex-
ample, the precise location of the crossing point for the
p = 1.5 model is not correct), the qualitative agreement
is still impressive, given our somewhat simple definition
of the subsystem Hamiltonian which neglects the subtle
issue of boundary terms, as well as the extremely small
system sizes we have been restricted to, due to computa-
tional limitations.
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FIG. 1. The Binder cumulant of the p = 1.5 model as a func-
tion of temperature for several subsystem sizes. We display
both the exact prediction, using the exact subsystem Hamil-
tonian to compute the canonical partition function (dashed
curve), as well as the prediction found from the reduced den-
sity matrix procedure (solid curve). The RDMs in this case
are extracted from the 3, 950th excited state of the even Ising,
even parity symmetry sector, which corresponds to an energy
of E = −26.479. The Tψ associated with each subsystem size
are denoted by the vertical dashed lines, which correspond to
Tψ = 2.582, 2.761, and 2.783 for the n = 5, 7, and 9 subsys-
tems, respectively.
We note that, as described in [20], the range of temper-
atures over which we can expect this procedure to work is
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FIG. 2. The Binder cumulant of the p = 3.0 model as a func-
tion of temperature for several subsystem sizes. We display
both the exact prediction, using the exact subsystem Hamil-
tonian to compute the canonical partition function (dashed
curve), as well as the prediction found from the reduced den-
sity matrix procedure (solid curve). The RDMs in this case
are extracted from the 3, 986th excited state of the even Ising,
even parity symmetry sector, which corresponds to an energy
of E = −24.519. The Tψ associated with each subsystem size
are denoted by the vertical dashed lines, which correspond to
Tψ = 2.946, 3.103, and 2.913 for the n = 5, 7, and 9 subsys-
tems, respectively.
limited to those in which the total energy of the subsys-
tem does not exceed the energy of the original eigenstate
it was extracted from. While this restriction is not a con-
cern when n << N , it is relevant when the subsystem
in question is a substantial fraction of the full system,
which is the case for our numerics displayed here. We
have carefully verified that this condition is not violated
for the range of temperatures which we have chosen to
display in these figures [30].
We do not attempt to perform an actual finite-size
scaling analysis of the critical exponents here, as we are
limited to system sizes small enough that such a scaling
analysis would not yield useful results. However, our nu-
merics still provide strong qualitative evidence that such
a procedure, given the eigenstate of a sufficiently large
system, should be feasible, so long as the success of the
extrapolation procedure we have seen here continues to
improve with larger system sizes.
IV. CONCLUDING REMARKS
We have provided a theoretical argument in support
of the claim that individual energy eigenstates of a non-
integrable Hamiltonian should encode information about
whether that Hamiltonian possesses a finite-temperature
phase transition, as well as quantitative information
about the critical behaviour of this transition. We have
also provided numerical evidence in support of this claim,
though we have stopped short of actually extracting any
quantitative information about such a transition, due to
5computational limitations. However, under the assump-
tion that the extrapolation procedure we have outlined
works for larger system sizes, the existence of such a pro-
cedure suggests that individual energy eigenstates, even
at energy densities away from the critical point, should
contain information about the finite-temperature phase
transition of the Hamiltonian they originate from. Such
a conclusion may serve as an inspiration for the devel-
opment of new computational techniques aimed at iso-
lating the critical information contained in one energy
eigenstate, without the need to perform a computation-
ally costly exact diagonalization.
While this result strikes the authors as being primar-
ily of interest for questions regarding the foundational
principles of quantum statistical mechanics, we note one
hypothetical scenario in which it could be of practical
use. We imagine a Hamiltonian which is believed to sat-
isfy ETH, and also possesses a sign problem, so that
it is difficult to study in a traditional quantum Monte
Carlo approach. If, for some reason, there existed a spe-
cial ansatz that allowed for one to find some small frac-
tion of the spectrum (perhaps, for example, the ground
state and first excited state), in such a way that RDMs
could be extracted and manipulated in a computationally
tractable fashion, then our approach outlined here could
be useful. This could have applications, for example, in
the study of high-temperature superconductivity. How-
ever, at present, the authors do not possess any knowl-
edge of such a hypothetical Hamiltonian or corresponding
ansatz.
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